This paper presents a holistic model order reduction (MOR) methodology and framework that integrates key technological elements of sequential model reduction, consistent model representation, and model interpolation for constructing high-quality linear parameter-varying (LPV) aeroservoelastic (ASE) reduced order models (ROMs) of flexible aircraft. The sequential MOR encapsulates a suite of reduction techniques, such as truncation and residualization, modal reduction, and balanced realization and truncation to achieve optimal ROMs at grid points across the flight envelope. The consistence in state representation among local ROMs is obtained by the novel method of common subspace reprojection. Model interpolation is then exploited to stitch ROMs at grid points to build a global LPV ASE ROM feasible to arbitrary flight condition. The MOR method is applied to the X-56A MUTT vehicle with flexible wing being tested at NASA/AFRC for flutter suppression and gust load alleviation. Our studies demonstrated that relative to the fullorder model, our X-56A ROM can accurately and reliably capture vehicles dynamics at various flight conditions in the target frequency regime while the number of states in ROM can be reduced by 10X (from 180 to 19), and hence, holds great promise for robust ASE controller synthesis and novel vehicle design. I. Introduction he flight performance of aerospace systems is characterized by the interaction between aerodynamics, structural dynamics, and flight control dynamics. Modern designs of aerospace vehicles utilize state-of-the-art materials and flexible structures that are lightweight and low-cost to achieve better maneuverability, and high performance. As the structures become progressively lighter and more flexible, they are prone to complex dynamics, stability and durability issues. In addition, the control systems interactions with aerodynamic and structural nonlinearities can result in instabilities such as flutter [1] , limit cycle oscillations (LCO) [2] , and gust loads [3], leading to unacceptable flight conditions and risk to the mission. Modeling, and especially maneuvering simulation, of highorder aeroservoelastic (ASE) systems is essential for successful development of relatively lightweight, necessarily flexible, aircraft with complex unsteady and often nonlinear aerodynamics. Therefore, the ability to accurately predict aeroelastic (AE) behavior in conjunction with control law design of sensors and actuators is essential for developing high-performance, safe aerospace vehicles. Although high-fidelity simulation coupling the nonlinear aerodynamics with structural models enables a direct insight into the aforementioned phenomena, its prohibitive computational cost, speed mismatch, nonlinear nature, as well as difficulty to deploy controllers with high-stateorder models render it impractical for integration in the design environment involving concurrent ASE analysis and control synthesis and design.
subspace is utilized to remedy the issue of inconsistent state representation among the local reduced models caused by the flight condition-dependent transformation above, which allows model interpolation in the reduced domain and results in a unified LPV ROM applicable across the entire flight envelope. The input/output behavior and the system response of the original and the ASE ROMs of the X-56A is compared in the frequency domain. are, respectively the vector of the control input and measurement. There are several methods to represent the parameter dependence in LPV models above, such as linear fractional transformation, polytopic dependence of the state matrix on the parameters, linearization on a gridded domain, etc. This paper targets the MOR of LPV models based on the gridded domain to agree with the full-order X-56A models. The gridded domain LPV is illustrated in Figure 1 , in which the nonlinear dynamics in the ASE problem of the aircraft is treated as its linearization around various flight operating points (also termed grid points or parameter locations hereafter). A set of original, full-order Linear Time Invariant (LTI) state space models are first constructed at the grid points in the domain, and then can be used for ROM generation and controller synthesis. Figure 2 illustrates our MOR methodology for LPV ASE models of aircraft. A prerequisite of the approach to construct LPV ROMs is to first have a set of full-order LTI state space models describing coupled ASE and flight control behavior at grid points in the parameter space. The full model can be generated from various relevant modeling tools (e.g., ZAERO [9] , NASTRAN [10] or others) as shown in the blue box in Figure 2a . The entire MOR process includes two steps: (1) Local MOR (red box in Figure 2a ): the full-order LTI model set is first reduced and transformed onto a low-dimension subspace to generate a set of local ROMs. Several techniques can be used, including truncation and residualization, transformation and truncation (e.g., modal reduction and balanced realization and truncation, Krylov methods, and their combinations); and (2) Model Interpolation and PV ROM Realization (green box): the global LPV ROM applicable to the entire flight envelope is obtained by interpolating the system matrices of the local ROM set obtained in the previous step. As the transformation used in step (1) depends on the location of the grid points, measures need to be taken to ensure all the ROMs are cast in a consistent state representation (or coordinates) prior to model interpolation. Eq. , where x1 are the states to keep and x2 are those to eliminate. Therefore the system matrices, A, B, and C can be partitioned as:
II. Linear Parameter-Varying Aeroservoelastic Models of Aircraft

III. Model Order Reduction for LPV Aircraft Models
The ROM is obtained by truncating all the terms associated with x2. Truncation preserves the ROM accuracy at high frequencies. When the steady state gain of a system needs to be retained, a residualization procedure is implemented, in which the state derivatives for x2 are set to zero, leading to a more accurate approximation of the original system at low frequency. The residualized ROM is then given by, 
B Modal Reduction
Modal reduction relies on the real and ordered eigenstructure decomposition to cast the full-order model into a modal realization form before state truncation. The modal realization form transforms the state matrix A into a block diagonal form Am with either 1X1 or 2X2 blocks when the eigenvalue is real or complex, respectively [11] . That is,  -1 A = Am, were  is a set of "real" eigenvectors spanning the same eigenspace as the complex ones, which leads to
where the system matrices in the modal realization are given by
The diagonal blocks  are normally arranged in ascending order according to their eigenvalue magnitude. The magnitude of a complex eigenvalue (for an oscillatory mode) is its angular frequency, while for a real eigenvalue, it is the damping coefficient. Then a threshold magnitude can be set to partition  in Am into r and n-r. All the states associated with r will be retained (with those for n-r truncated) to capture the frequency range of interest for control design.
C Balanced Realization and Truncation
Balanced truncation relies on the balancing transformation to determine minimal realization of the model based on the Hankel singular values. The controllability and observability gramians of the LTI model above is given by American Institute of Aeronautics and Astronautics 5 0 and 0
The balancing transformation matrix then can be calculated as: 1 
The state-space model in the new coordinate in Eq. (9) is balanced, and hence, its controllability and observability gramians are equal and diagonal, i.e., Pb = Qb = diag(1, ,r ,n), where 1, , n are the Hankel singular values sorted in descending order. By removing the states corresponding to low Hankel singular values (e.g.,r+1n), a ROM without appreciably losing important input/output energy can be obtained. Note that balanced realization and truncation only applies to stable systems, although the aircraft state-space model may include unstable states. In order to circumvent this issue, typically a stable/unstable state partitioning needs to be performed prior to the balanced truncation.
The aforementioned ROM steps are applied to the full-order state-space model of the aircraft at each grid point in the flight envelope, yielding a set of local ROMs
where i denotes the i th grid point in the parameter space, , ,
, and 
The next step is to interpolate the ROM computed at the grid points to obtain a global LPV ROM that can be used for controller design at arbitrary locations in the parameter space. Due to different transformation matrices used in MOR (e.g., modal reduction and balanced truncation), the states of the reduced state space model have different physical meanings and are not consistent across the flight envelope. Therefore, the ROM cannot be interpolated directly.
D Reprojection onto Common Subspace
One of the most effective methods to resolve the issue above is to project the individual ROM at grid points in the parameter space onto a common basis (subspace), followed by matrix interpolation as discussed in [8] . However the method in [8] requires the transformation matrix to be orthonormal, and hence, is not immediately applicable to transformation matrices (ˆi U in Eq. (10)) computed from the modal reduction and the balanced truncation.
Therefore, an additional coordinate transformation Gi is needed to yield a ROM set spanned by orthonormal bases prior to reprojection. Taking an SVD on transformation ˆi U matrix above yields
Applying transformation Gi (i.e., ,, 
Thus the transformation from The transformation matrix R should capture most transformation information Vi of the local models at the grid points. Therefore a straightforward choice for R is to take the underlying basis of all Vi using SVD and truncation, that is, 1 ,
Once Eq. (14) for all grid points becomes available, they can be interpolated to obtain LPV ROM that is applicable at an arbitrary location in the parameter space. Typical interpolation approaches include (1) polynomial regression of the matrix elements * i A using the values at the local models; and (2) matrix interpolation. The second approach was used in this paper, which is described by
where Mi * is the Ai * , Bi * ,Ci * , and Di * , at the grid point i. and s is the number of the grid points surrounding the parameter location . w() is the weights for interpolation at location , and a linear weight inversely proportional to the distance between  and grid points i was used in this paper.
IV. X-56A MUTT Model
The LTI state-space models of the X-56A MUTT airframe were provided by NASA/AFRC. They were developed using the generalized mass, stiffness, and aerodynamic matrices obtained by MSC/Nastran [10] and ZAERO [9] . There are 10 control surfaces on the vehicle, five on each wing; and 2 throttle controls for engine dynamics as shown in Figure 3 . The five actuators on the left wing are labeled as BFL, WF1L, WF2L, WF3L, and WF4L starting from the inner body to the outer wing tip. Likewise, the actuators on the right wing are labeled as BFR, WF1R, WF2R, WF3R, and WF4R based on the same convention above. The rigid-body state sensors (IMU-MIDG) are located around the center of the vehicle, while the six accelerometer locations are, respectively, placed at the front of the vehicle (ASESNSR100), at the rear (ASESNSR1000), at the leading and trailing edge of the left wing (ASESNSR400 and ASESNSR600), and of the right wing (ASESNSR1100 and ASESNSR1300).
Figure 3. Sensors and actuators deployment in the X-56A MUTT vehicle
A set of 495 models were generated at M = 0.16 on grid points of a 2D parameter space across the flight envelope. The two parameters are KEAS ("knots equivalent airspeed") and fuel weight, which, respectively, range from 50 KEAS to 150 KEAS in 2 KEAS increments and from 0 lb to 78 lb in 10 lb increments (the last weight has an 8 lb increment). The models have 44 states corresponding to the 2 nd -order sensors (22 in total), 12 rigid body states, 14 elastic structural modes and 14 derivatives (modal velocity), 60 aerodynamic lag states, and 36 states for the third order actuators (12 control surfaces). According to the V-g and V-f plots of the X-56A baseline model at M = 0.16 [12] the normalized flutter frequencies for SBFF (symmetric body freedom flutter), SWBTF (symmetric wing bending torsion flutter), and AWBTF (anti-symmetric wing bending torsion flutter) modes are, respectively, at 1, 3.68, and 3.912 (that is, all the flutter frequencies are normalized by the one for SBFF). The target normalized frequency range  for X-56A model reduction is determined to be 0.01 <  < 5.36 to ensure full coverage of the interesting flutter behavior and system response. The sparsity pattern of A matrix is illustrated in Figure 4 . The physical meaning of the states and their corresponding entries in A is utilized to guide the MOR process for constructing ROMs. According to [13] , the body (BFL and BFR) and the outer most flaps (WF4L and WF4R) are mainly used as control means for stabilization and damping augmentation. Therefore the sensors to be used for observation include the roll (p), pitch (q), and yaw (r) rate sensor, and the accelerometers at the body center (ASESNSR1000) and the trailing edge (ASESNSR600 and ASESNSR1000) of wing tips. For the X-56A state-space model, we used truncation and residualization to eliminate the states associated with sensors, actuators, aerodynamic states, rigid body states, and elastic states, which was followed by transformationbased MOR (modal reduction and balanced realization and truncation). The transformation matrices of the local ROMs are then orthogonalized via SVD and state transformation, and then reprojected onto common subspace to render the model ready for interpolation. Figure 5 summarizes the flow chart of our MOR procedure and the main techniques being used.
V. Results and Discussion
Case studies were carried out to verify and demonstrate the MOR framework and X-56A ROM. The ROM was compared against the full-order X-56A MUTT state model provided by NASA/AFRC in terms of input/output behavior and system response in the frequency domain. Various aspects of the X-56A ROM were interrogated, including sequential MOR, effects of ROM dimensions, model robustness (or susceptibility to flight parameters), and ROM interpolation. Recall that the body (BFL or bfl_cmd_deg) and the outer most surface controls of the left wing (WF4L or wf4l_cmd_deg) were studied as a control means for stabilization and damping augmentation. The sensors in observation include the roll (p), pitch (q), and yaw (r) rate sensor, and the accelerometers at the body center (ASESNSR1000) and the trailing edge of both wing tips (ASESNSR600 and ASESNSR1300). The full-order X-56A state-space model at the operating condition of 100 KEAS with fuel weight of 10 lbs served as the benchmark/baseline case.
A Sequential Model Order Reduction (MOR)
We first conducted the sequential MOR on the benchmark case following the flow chart in Figure 5 . It consists of (1) sensor reduction: 32 states of the sensors that are of no interest to observation were truncated. Then the rest 12 states for the sensors in observation were fully residualized to match the DC gain of the full-order model, leading to a local ROM with 136 states; (2) actuator reduction: the 30 states corresponding to 10 actuators that are not the object of our ASE study were truncated. The 3 rd states of bfl_cmd_deg (BFL) and wf4l_cmd_deg (WF4L) were residualized, leading to 104 states in the model; (3) aerodynamic lag reduction: in distinct contrast to the trial-anderror method in the previous work [4] we only retained the first 30 aerodynamic states (out of 60 states) that span a broader frequency range. We relied on the modal reduction step downstream to further filter out unnecessary states at high frequency and refine the ROM. The aerodynamic lag reduction yields a ROM with 74 states; (4) rigid body state reduction: the rigid-body states u, h, , , q, , p, r, and  for the X-56A model were kept in the phugoid mode, which is adequate to generate consistent ROM performance across the entire flight envelope and resolve the dynamic behavior subject to stabilization and damping augmentation. This step results in a ROM with 71 states; (5)
B Effect of ROM Dimensions
We also carried out a study to investigate the effect of ROM dimensions on the performance in approximating the vehicle dynamics across the frequency range of interest. Specifically, in the balanced truncation above, 24 states with the smallest Hankel single values were truncated, yielding a ROM only with 19 states. Figure 6b shows that even 19-state ROM can predict very well the dynamic behavior among all the input-output pairs, while the discrepancy is more appreciable in the high frequency regime relative to the 21-state ROM. This is within expectation as more controllable and observable information would be lost given lower ROM dimensions.
C ROM with Different Flight Parameters
A desired feature that will saliently enhance the utility of MOR for aircraft ASE analysis and controller synthesis is its robustness and consistence of model configuration parameters regardless of the flight conditions. A thorough study to investigate the effect of varying flight parameters (KEAS and fuel weights) on MOR performance was also carried out. In the MOR analysis below, models with different flight parameters (KEAS = 70 or fuel weight of 78 lbs) from the benchmark case (100 KEAS and fuel weight of 10 lbs) were interrogated. Note that all the modeling configuration parameters (number of states/dimensions to keep or truncate) at each step remained the same as the case study in Section A above. Figure 7 illustrate the overall comparison of the magnitude and phase in the frequency domain between the full-order X-56A model and the ROM with 21 states for the non-benchmark cases. It shows that the ROMs at the new flight conditions are still able to accurately capture the dynamics in all input-output channels in the entire frequency range of interest for control design. The minor deviation of ROM from the fullorder model only occurs at the middle-to-high frequency regime. The excellent ROM performance at various flight conditions substantiates pronounced robustness and utility of our MOR methods. 
D ROM Interpolation
The consistent state representation and ROM interpolation based on common subspace reprojection and linear matrix interpolation as formulated above was also investigated. Figure 8 portrays the comparison of the ROMs at KEAS = 102 attained by two means: the first one (labeled as "ROM") was constructed by directly reducing the original, full-order X-56A model at KEAS = 102, and the second (labeled as "Interp ROM") by interpolating two ROMs obtained at KEAS = 100 and 104. Both ROMs agree with each other very well in predicting the vehicle dynamics. Figure 8b exhibits minor difference between the two ROMs in the channel from the BFL actuator to the yaw rate sensor (r) at the middle-to-high frequency regime. It may be attributed to the nonlinear dependence of system matrices on the flight parameters or the unbalanced input/output channels, and will be investigated in future. 
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VI. Conclusion
This paper presented a holistic model order reduction (MOR) framework for constructing high-quality linear parameter-varying aeroservoelastic reduced order models (ASE-ROMs) of flexible aircraft. Key MOR modules of sequential model reduction, consistent model representation, and model interpolation have been established to streamline the workflow. A suite of proven model reduction techniques, including truncation and residualization, modal reduction, and balanced realization and truncation have been developed to determine optimal ROMs at grid points across the flight envelope. A novel method combing singular value decomposition and common subspace projection has been developed to unify the state representation for the ROMs obtained from non-orthonormal transformation-based MOR. Parameter-weighted matrix interpolation has been carried out to construct a globally functional LPV ASE ROM. The developed MOR technology has been applied to the X-56A MUTT vehicle with flexible wing to examine its capability of generating reliable ROMs for control design. Our studies demonstrate that the X-56A ROM was able to accurately describe vehicles dynamics and input/output response at various flight conditions in the practically important frequency regime while the number of states in ROM was reduced by 10X. The technology enables robust ASE controller synthesis for aircraft and novel vehicle design for flutter suppression and gust load alleviation
